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Abstract
A new parafermionic algebra associated with the homogeneous space A
(2)
2 /U(1)
and its corresponding Z-algebra have been recently proposed. In this paper, we
give a free boson representation of the A
(2)
2 parafermion algebra in terms of seven
free fields. Free field realizations of the parafermionic energy-momentum tensor and
screening currents are also obtained. A new algebraic structure is discovered, which
contains a W -algebra type primary field with spin two.
1 Introduction
The notion of parafermions [1] was introduced in the context of statistical models and
conformal field theory [2]. Parafermions generalize the Majorana fermions and have found
important applications in many areas of physics. From statistical mechanics point of
view, parafermions are related to the exclusion statistics introduced by Haldane [3]. In
particular, the Zk parafermion models offer various extensions of the Ising model which
corresponds to the k = 2 case [4, 5, 6, 7, 8, 9, 10].
The category for parafermions (nonlocal operators) is the generalized vertex operator
algebra [11, 12]. The Zk parafermion algebra was referred to as Z-algebra in [11, 12], and
it was proved that the Z-algebra is identical with the A
(1)
1 parafermions.
The Zk parafermions proposed in [1] are basically related to the simplest A
(1)
1 alge-
bra. Various extensions have been considered by many researchers. Gepner proposed a
parafermion algebra associated with any given untwisted affine Lie algebra G(1) [13, 14],
which has been subsequently used in the study of D-branes. The operator product ex-
pansions (OPEs) and the corresponding Z-algebra of the untwisted parafermions were
studied in [15], and a W3-algebra was constructed from the SU(3)k parafermions. In [16]
a W5-algebra was constructed by using the SU(2)k parafermions.
∗E-mail:xmding@maths.uq.edu.au
†E-mail: yzz@maths.uq.edu.au
1
More recently, Camino et al extended the Zk parafermion algebra and investigated
graded parafermions associated with the osp(1|2)(1) Lie superalgebra [17]. The central
charge of the graded parafermions algebra is c = − 3
2k+3
, which implies that for k a
positive integer, c is always negative. Thus the graded parafermion theory is not unitary.
In [20], we found a new type of nonlocal currents (quasi-particles), which were referred
to as twisted parafermions. The nonlocal currents take values in the homogeneous space
A
(2)
2 /U(1). To distinguish our theory from the twisted versions of [1, 11, 12], in this paper
we refer our nonlocal currents to as A
(2)
2 parafermions.
The A
(2)
2 parafermion system contains a boson-like spin-1 field and six nonlocal fields
with fractional spins 1 − 1
4k
and 1 − 1
k
, and leads to a new conformal field theory which
is different from the known ones. Let us remark that, while fields with conformal di-
mensions of 1 − 1
4k
and 1 − 1
k
also appeared in the graded parafermion algebra [17], our
A
(2)
2 parafermion theory is quite different. In particular, our theory is unitary and has a
different central charge.
In this paper, we investigate the theory further. We give a free field representation
of the A
(2)
2 parafermion theory in terms of seven free bosons. We also obtain the free
field realization of the highest weight state and screening currents. We discover a new
algebraic structure which contains a spin-2 primary field. This is similar to a W -algebra
structure but now the spin is two.
The layout of the paper is as follows. In section 2, we briefly review theA
(2)
2 parafermion
algebra obtained in [20], which will be extensively used in this paper. In section 3, we give
some results concerning the A
(2)
2 parafermion Hilbert space. In section 4, we give a free
field representation of the A
(2)
2 parafermion currents, highest weight state and screening
currents. We present a new W -algebra structure in section 5.
2 Twisted parafermions: a brief review
The parafermion current algebra proposed in [20] is related to the twisted affine Lie algebra
A
(2)
2 /U(1). This A
(2)
2 parafermion theory is not an extension of the usual Zk parafermions,
but a twisted version of the Gepner construction [13]. To begin with, let g be a simple
finite-dimensional Lie algebra and σ be an automorphism of g satisfying σr = 1 for a
positive integer r, then g can be decomposed into the form [21]:
g = ⊕j∈Z/rZ gj, (2.1)
where gj is the eigenspace of σ with eigenvalue e
2jpii/r, and [gi, gj] ⊂ g(i+j) mod r , then r
is called the order of the automorphism. For A
(2)
2 algebra, we have g = A2 so that
A2 = g0 ⊕ g1, (2.2)
where g0 is the fixed point subalgebra of A2 under the automorphism and g1 is the five
dimensional representation of g0. g0 and g1 satisfy [gi, gj] ⊂ g(i+j) mod 2. We associate a
2
generating parafermion to a vector in the root lattice M mod kML, where ML is the long
root lattice and k is a constant identified with the level of the corresponding twisted affine
algebra. Generating parafermions are defined by projecting out the affine currents corre-
sponding to the Cartan subalgebra [13]. Denote by ψa the A
(2)
2 generating parafermions
with a = 0˜, ± α, ± α˜, ± α˜2 and α˜2 = α + α˜, where 0˜2 = 0˜ · α = 0˜ · α˜ = 0˜ · α˜2 = 0
and α2 = α˜2 = α · α˜ = 1, α˜22 = 4. Then ψ±α are currents in g0 and ψ0˜, ψ±α˜, ψ±α˜2 are
currents in g1. Note that 0˜ is a ”null” root vector in the sense that both its length and its
dot product with all other root vectors are zero. So parafermion currents associated with
A
(2)
2 live in either Ramond sector (i.e. the currents in g0) or Neveu-Schwarz sector(i.e.
the currents in g1).
Due to the mutually semilocal property between two parafermions, the radial ordering
products are multivalued functions. So we define the radial ordering product of (generat-
ing) A
(2)
2 parafermions (TPFs) as
ψa(z)ψb(w)(z − w)a·b/2k = ψb(w)ψa(z)(w − z)a·b/2k, (2.3)
where a = 0˜, ± α, ± α˜, ± α˜2. From the above definition, we have
Tψ(z)ψa(w) =
∆a
(z − w)2ψa(w) +
1
z − w∂ψa(w) + . . . . (2.4)
where Tψ is the energy-momentum tensor of the theory, and ∆a = 1− a24k is the conformal
dimension of current ψa. It follows that the conformal dimensions of the A
(2)
2 parafermion
currents are 1 (a = 0˜), 1− 1
4k
(a = ±α,±α˜) and 1− 1
k
(a = ±α˜2), for a given level k. The
values of the dimensions determine the leading singularity in the OPE of the currents. In
fact, we have
ψa(z)ψb(w) = (z − w)∆a+b−∆a−∆b (εa,bψa+b(w) + · · · , ) , (2.5)
ψa(z)ψ−a(w) = (z − w)−2∆aI0(z) + · · · , (2.6)
where εa,b are the constants, I0(z) will be determined below and ∆a, ∆b and ∆a+b are the
conformal dimensions of ψa, ψb and ψa+b, respectively. If ∆a+b −∆a −∆b ≥ 0, then two
operators ψa, ψb commute. The nontrivial OPEs are given by ∆a+b −∆a −∆b < 0. For
example,
∆α˜2 −∆α˜ −∆α = 1−
1
k
− 2
(
1− 1
4k
)
= −1 − 1
2k
, (2.7)
In the OPE form, this corresponds to
ψα(z)ψα˜(w) =
εα,α˜
(z − w)(1+1/2k)ψα˜2(w) + · · · , (2.8)
or equivalently,
ψα(z)ψα˜(w)(z − w)1/2k = εα,α˜
z − wψα˜2(w) + · · · . (2.9)
Similarly,
3
−∆α −∆−α = −2
(
1− 1
4k
)
= −2 + 1
2k
. (2.10)
From the dimensional analysis, the conformal dimension of I0(z) on the r.h.s. of the 2nd
equation of (2.6) is zero. It follows that I0(z) is a constant, which will be set to 1 in the
sequel.
We have seen that ψ0˜ is a spin-1 current in g1 that corresponds to the “null” root
vector 0˜. Keeping in mind the fact that ψ±α ∈ g0 and ψ±α˜ ∈ g1, we have ψαψ−α˜ ∼
ψα−α˜ ∈ g1, ψα˜ψ−α ∼ ψα˜−α ∈ g1, ψ0˜ψα ∼ ψ0˜+α ∈ g1 and ψ0˜ψα˜ ∼ ψ0˜+α˜ ∈ g0. From the
dimensional analysis and noting that (0˜+α)2 = 1 = (0˜+ α˜)2 and (α− α˜)2 = 0 = (α˜−α)2,
we have the identifications: ψ0˜+α ∼ ψα˜, ψ0˜+α˜ ∼ ψα, ψα−α˜ ∼ ψ0˜ and ψα˜−α ∼ ψ0˜. Thus
we have
ψα(z)ψ−α˜(w)(z − w)−1/2k = εα,−α˜
z − wψ0˜(w) + · · · ,
ψ0˜(z)ψα(w) =
ε0˜,α
z − wψα˜(w) + · · · ,
ψ0˜(z)ψα˜(w) =
ε0˜,α˜
z − wψα(w) + · · · .
We see that ψ0˜(z) is a spin-1 primary field which transforms the fields in the Ramond
sector to those in the Neveu-Schwarz sector or vice versa. This is easy to understand from
the theory of the A2 current algebra [22].
Summarizing, we may write the OPEs in the general form:
ψµ(z)ψν(w)(z − w)µ·ν/2k = δµ+ν,0
(z − w)2 +
εµ,ν
z − wψµ+ν(w) + · · · ,
ψµ˜(z)ψν˜(w)(z − w)µ˜·ν˜/2k = δµ˜+ν˜,0
(z − w)2 +
εµ˜,ν˜
z − wψµ˜+ν˜(w) + · · · ,
ψµ(z)ψν˜(w)(z − w)µ·ν˜/2k = εµ,ν˜
z − wψµ+ν˜(w) + · · · , (2.11)
where µ, ν = ±α, µ˜, ν˜ = 0˜, ±α˜, ±α˜2; εµ,ν , εµ˜,ν˜ and εµ,ν˜ are structure constants. For
consistency, εa,b must have the properties: εa,b = −εb,a = −ε−a,−b = ε−a,a+b and εa,−a = 0.
The following structure constants have been found in [20]:
εα˜,−α˜2 = εα,α˜ = ε−α,α˜2 =
1√
k
, εα,−α˜ = ε0˜,α˜ =
√
3
2k
, (2.12)
and other constants can be obtained by using the symmetry properties. The above struc-
ture constants are compatible with the associativity requirement of the OPEs. This is
seen as follows. Let Aa and Bb be two arbitrary functions of the A
(2)
2 parafermions with
charges a and b, respectively. We write their OPEs as
Aa(z)Bb(w)(z − w)a·b/2k =
∞∑
n=−[hA+hB ]
[AaBb]−n(w)(z − w)n, (2.13)
4
where [hA] stands for the integral part of the dimension of A. Hence we have [AaBb]n(w) =∮
w dz Aa(z)Bb(w)(z − w)n−1+a·b/2k. It is easy to find the following relation between the
three-fold radial ordering products
{∮
w
du
∮
w
dz R(A(u)R(B(z)C(w)))
−
∮
w
dz
∮
w
du (−)a·b/2kR(B(z)R(A(u)C(w)))
−
∮
w
dz
∮
z
du R(R(A(u)B(z))C(w))
}
(z − w)p−1+b·c/2k(u− w)q−1+a·c/2k(u− z)r−1+a·b/2k = 0, (2.14)
where integers p, q, r are in the regions: −∞ < p ≤ [hB + hC ], −∞ < q ≤ [hC +
hA], −∞ < r ≤ [hA + hB]; a, b, c are parafermionic charges of the fields A, B and C,
respectively. Performing the binomial expansions, we obtain the following identity:
[hB+hC ]∑
i=p
C
(i−p)
r−1+a·b/2k[A[BC]i]Q−i(w) + (−)r
[hC+hA]∑
j=q
C
(j−q)
r−1+a·b/2k[B[AC]j ]Q−j(w)
=
[hB+hA]∑
l=r
(−)(l−r)C(l−r)q−1+a·c/2k[[AB]lC]Q−l(w), (2.15)
where Q = p + q + r − 1. This identity is the twisted Jacobi identity of the parafermion
algebra.
Now the structure constants of the currents can be derived from the (2.15). For
example, we calculate the OPEs of [ψaψ−a]0 with ψa and [ψbψ−b]0. Setting Q = p =
2, q = 1 and r = 0 in (2.15), and comparing with (2.4), then we have
∑
a
εa,bε−a,a+b =
6− b2
k
,
∑
a
a · b = 0, ∑
a
(a · b)2 = 12b2. (2.16)
The structure constants (2.12) satisfy all these equations.
A special case of the parafermion OPEs is
ψa(z)ψ−a(w)(z − w)−a2/2k = 1
(z − w)2 +
(
2 +
24(1−∆a)
a2
)
ta + · · · ,
=
1
(z − w)2 +
2(k + 3)
k
ta + · · · (2.17)
where terms ta in the right hand side are fields with conformal dimension 2. From the
conformal field theory, they should be related to the energy-momentum tensor. Indeed,
if we define,
Tψ(z) =
∑
a
ta (2.18)
then
Tψ(z)Tψ(w) =
cψ/2
(z − w)4 +
2Tψ(w)
(z − w)2 +
∂Tψ(w)
z − w + . . . , (2.19)
5
where
cψ = 2
∑
a
a2∆a
2a2 + 24(1−∆a) = 7−
24
k + 3
=
8k
k + 3
− 1, (2.20)
is the central charge of the A
(2)
2 parafermion theory.
3 A
(2)
2 parafermion Hilbert space
we now analyze the structure of the Hilbert representation H space of the parafermion
theory. For every field in the parafermion theory there are a pair of charges (λ, λ¯), which
take values in the weight lattice. We denote such a field by φλ,λ¯(z, z¯) [1, 13, 15]. Let Hλ,λ¯
be the subspace of H with the indicated charges. Then H is the direct sum of the form:
H = ⊕Hλ,λ¯ (3.1)
The non-locality γ of two fields φλ,λ¯ and φλ′,λ¯′ is defined by
γ
(
φλ,λ¯, φλ′,λ¯′
)
=
1
2k
(
λ · λ′ − λ¯ · λ¯′
)
. (3.2)
Note that the parafermionic current ψb(z) has the left charge λ = b and the right charge
λ¯ = 0. So for the currents with zero right charges, the exponent is,
γ (ψa, ψb) =
a · b
2k
, (3.3)
which is exactly the exponent appeared in (2.11). If we rewrite the (2.11) as
ψa(z)ψb(w)(z − w)a·b/2k ≡
∞∑
n=−2
(z − w)n[ψaψb]−n, (3.4)
then we have [ψaψb]l = 0 (l ≥ 3), [ψaψb]2 = δa+b,0 and [ψaψb]1 = εa,bψa+b.
The OPE of ψa with φλ,λ¯(z, z¯) is given by
ψa(z)φλ,λ¯(w, w¯) =
∞∑
m=−∞
(z − w)−m−1−a·λ/2kAa,λm φλ,λ¯(w, w¯), (3.5)
where m ∈ Z (Ramond sector) for a = ±α and m ∈ Z+ 1
2
(Neveu-Schwarz sector) for
a = 0˜, ± α˜, ± α˜2. Aa,λm are modes of the nonlocal parafermion field ψa(z) on φλ,λ¯, and
its action on φλ,λ¯(z) is defined by the integration
Aa,λm φλ,λ¯(w, w¯) =
∮
cw
dz (z − w)m+a·λ/2kψa(z)φλ,λ¯(w, w¯), (3.6)
where cw is a contour around w. From the OPEs, we know that the dimension of
Aa,λm φλ,λ¯(w, w¯) is
∆(Aa,λm φλ,λ¯) = h−m−
a · λ
2k
− a
2
4k
, (3.7)
where h is the dimension of the parafermionic field φλ,λ¯(w, w¯). We define [ψaψb]
λ
−n;m by
6
[ψaψb]
λ
−n;mφλ,λ¯(w, w¯) =
∮
cw
dz (z − w)m+n+(a+b)·λ/2k[ψaψb]−n(z)φλ,λ¯(w, w¯), (3.8)
Following the standard procedure in conformal field theory (for the parafermion theory,
see [1]), we multiply the last equation on both sides by zm+a·λ/2kwn+b·λ/2k and integrate
the resulting equation by choosing appropriate contours, to get
∞∑
l=0
C
(l)
a·b/2k[A
a,b+λ
m−l A
b,λ
n+l − Ab,a+λn−l Aa,λm+l] =
(
m+
a · λ
2k
)
δa+b,0δm+n,0 + εa,bA
a+b,λ
m+n , (3.9)
where we have chosen the powers of z and w such that the integrands are single valued,
and the binomial coefficients C(l)x are
C(l)x =
(−)lx(x− 1) · · · (x− l + 1)
l!
(3.10)
and C
(0)
0 = C
(0)
n = C
(l)
−1 = 1, C
(l)
p = 0, for l > p > 0. Similarly, we get
∞∑
l=0
C
(l)
−1+a·b/2k[A
a,b+λ
m−l A
b,λ
n+l + A
b,a+λ
n−l A
a,λ
m+l]
=
1
2
(
m+ 1 +
a · λ
2k
)(
m+
a · λ
2k
)
δa+b,0δm+n,0
+
(
m+ 1 +
a · λ
2k
)
εa,bA
a+b,λ
m+n ,+[ψaψb]
λ
0,m+n.
A special case of this identity is
∑
a
∞∑
l=0
C
(l)
−1−a2/2k[A
a,λ−a
m−l A
−a,λ
n+l + A
−a,a+λ
n−l A
a,λ
m+l]
=
∑
a
1
2
(
m+ 1 +
a · λ
2k
)(
m+
a · λ
2k
)
δm+n,0 +
2(k + 3)
k
Lλm+n, (3.11)
where Lλm+n represents the action of the energy-momentum tensor Lm+n on the field φλ,λ¯.
Using the above identity, we can show that Lm satisfies the Virasoro algebra with central
charge cψ. We refer the above identity to as A
(2)
2 Z-algebra. Generally, we have
∞∑
l=0
C
(l)
−p−1+a·b/2k
[
Aa,λ+bm−l−p+qA
b,λ
n+l+p−q + (−1)pAb,λ+an−l−q−1Aa,λm+l+q+1
]
= C
(p+2)
m+q+1+a·b/2kδa,−bδm,−n + C
(p+1)
m+q+1+a·b/2kεa,bA
a+b,λ
m+n
+
∞∑
r=0
C
(p−r)
m+q+1+a·b/2k[ψaψb]
λ
−r,m+n, p = 2q or 2q + 1, (3.12)
The above results will be extensively used in the sequel. Now let φΛΛ be a state in the
Hilbert space H, where Λ takes value on the weight lattices. The condition for φΛΛ to be
a highest weight state is defined by
7
Aa,Λn φ
Λ
Λ = 0, for n > 0, or n = 0 if a = α, α˜, α˜2, (3.13)
L0φ
Λ
Λ = ∆Λφ
Λ
Λ, (3.14)
where ∆Λ is the conformal dimension of φ
Λ
Λ, which is found by using the identity (3.11)
to be
∆Λ =
[
Λ(Λ + 4)
4(k + 3)
+
Λ2
12(k + 3)
− Λ
2
4k
]
. (3.15)
This result agrees with that obtained from the free field calculation given in next section.
All other state of H can be obtained from φΛΛ by applying Aa,Λ−n with n ≥ 0 repeatedly.
We define the state
φΛλ =
∏
j
A
aj ,λj
−nj φ
Λ
Λ, nj ≥ 0. (3.16)
It is easy to show
[
Lm, A
a,λ
−n
]
=
[
(m+ 1)(∆a − 1) + (n− a · λ
2k
)
]
Aa,λm−n, (3.17)
from which we find the conformal dimension of the field φΛλ :
∆Λλ = ∆Λ +
Λ2
4k
− λ
2
4k
+
∑
i
ni, (3.18)
where λ = Λ +
∑
i ai, and ni ∈ Z if ai = µ, or ni ∈ Z+ 12 if ai = µ˜.
In the usual Zk parafermion theory, highest weight state Φ
l
l exists only if the condition
l ≤ k is satisfied. This is also the unitarity condition of the representation. To obtain the
unitarity condition for our theory, we define the hermiticity condition:
(
Aa, Λm
)†
φΛΛ+a = A
−a, a+Λ
−m φ
Λ
Λ+a, k
† = k, (3.19)
If vΛ is a vacuum state, i.e
Aa, Λn vΛ = 0, n > 0, (3.20)
thus we have the norm
(Aa,Λ−mvΛ, A
a,Λ
−mvΛ) = (vΛ, A
−a,a+Λ
m A
a,Λ
−mvΛ)
= (vΛ, [A
−a,a+Λ
m A
a,Λ
−m −Aa,−a+Λ−m A−a,Λm ]vΛ),
= (vΛ,
(
m− a · Λ
2k
)
vΛ). (3.21)
This requires a ·Λ ≤ 2km for the norm to be positive. Considering that the minimal value
m can take is m = 1/2 in the Neveu-Schwarz sector and m = 1 in the Ramond sector, we
must have a · Λ ≤ k for the representation to be unitary.
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In general, the Verma module with highest weight Λ and level k contains infinite many
singular vectors [18, 19], and thus the representations obtained above are not irreducible.
To determine irreducible modules, an BRST analysis [18] in the Hilbert space is necessary,
which we will not discuss here. Nevertheless, we will in the next section give a free field
realization of screen currents of the parafermion theory, which is important ingredient in
the BRST method.
4 Free field representation of the twisted parafermions
It was shown in [20] that the twisted affine current algebra A
(2)
2 allows the following
representation in terms of the twisted parafermionic currents:
j+(z) = 2
√
kψα(z)e
i√
2k
φ0(z), j−(z) = 2
√
kψ−α(z)e
− i√
2k
φ0(z),
j0(z) = 2
√
2ki∂φ0(z), J
+(z) = 2
√
kψα˜(z)e
i√
2k
φ0(z),
J−(z) = 2
√
kψ−α˜(z)e
− i√
2k
φ0(z), J++(z) = 2
√
kψα˜2(z)e
i
√
2
k
φ0(z),
J−−(z) = 2
√
kψ−α˜2(z)e
−i
√
2
k
φ0(z), J0(z) = 2
√
6kψ0˜(z). (4.1)
where φ0(z) is an U(1) current obeying φ0(z)φ0(w) = −ln(z − w), and has the modes
expansion of ∂φ0(z) =
∑
n∈Z φnz
n+1.
On the other hand, we know that the twisted affine current algebra A
(2)
2 allows a free
field representation in terms of three (β, γ) pairs and one 2-component scalar field [22].
So to get a free field representation of the twisted parafermionic currents, one need to
projecting out a U(1) current, as is seen from (4.1), and regarding the parafermion currents
as operators in the space A
(2)
2 /U(1). This implies that seven independent scalar fields are
needed to realize the A
(2)
2 parafermion algebra. So, we introduce seven scalar fields, φ(z)
and ξj(z), ηj(z) (j = 0, 1, 2), which satisfy the following relations:
ξi(z)ξj(w) = −δij ln(z − w), ηi(z)ηj(w) = −δij ln(z − w),
φ(z)φ(w) = −ln(z − w).
The modes expansions are
∂χ(z) =
∑
n∈Z
χnz
n+1, χ = ξ0, η0
∂χ(z) =
∑
n∈Z+1
2
χnz
n+1, χ = ξj, ηj (j = 1, 2) or φ.
The conformal dimension of ψb is 1 − b24k . So we make the ansatz about the free field
representation of the twisted parafermionic currents:
9
ψa(z) = fa(ξi(z), ηj(z), φ(z))e
√
a2
2k
φ(z)
,
ψ−a(z) = f−a(ξi(z), ηj(z), φ(z))e
−
√
a2
2k
φ(z)
, (4.2)
where a = 0˜, α, α˜, α˜2, the factor e
±
√
a
2k
φ(z) will contribute −a2
4k
to the conformal dimen-
sion of ψ±a(z), and f±a(ξi(z), ηj(z), φ(z)) are operators with conformal dimension one.
From dimensional analysis, no term of the form e
√
a2
2k
φ(z)
will appear in f±a(ξi(z), ηj(z), φ(z)).
Recall that the dimensions of f±a(ξi(z), ηj(z), φ(z)) are 1, while the dimensions of ξi(z),
ηj(z), φ(z) are zero, so polynomials of f±a are the functions of ∂ξi(z), ∂ηj(z), ∂φ(z).
Notice that (ξi(z) − iηi(z))(ξj(w) − iηj(w)) have no contribution to the OPE. We find,
after a long and tedious calculation,
fα(z) =
1
2
√
2k
[−α0∂ξ0(z)− 2∂ξ1(z) + ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[−α0(ξ0(z)− iη0(z))
−2(ξ1(z)− iη1(z)) + (ξ2(z)− iη2(z))]},
f−α(z) =
1
2
√
2k
{− [(4k + 1) [α0(∂ξ0(z)− i∂η0(z)) + 2(∂ξ1(z)− i∂η1(z))
−(∂ξ2(z)− i∂η2(z))− ∂φ(z)]
+ i [α0∂η0(z) + 2∂η1(z)− ∂η2(z)]]
× exp{ 1√
2k
[α0(ξ0(z)− iη0(z)) + 2(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}
+ 3 [α0∂ξ0(z) + 2∂ξ1(z)− ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[−(4 + α0)(ξ0(z)− iη0(z))
−2(1 − α0)(ξ1(z)− iη1(z)) + 3(ξ2(z)− iη2(z))]}
+ 2 [2∂ξ0(z)− α0∂ξ1(z)− ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[3(ξ0(z)− iη0(z))− (α0 + 1)(ξ1(z)− iη1(z))
−(1 − α0)(ξ2(z)− iη2(z))]}
− 4 [∂ξ0(z)− ∂ξ1(z) + α0∂ξ2(z)− 2∂φ(z)]
× exp{ 1√
2k
[−7(ξ0(z)− iη0(z)) + (1 + 3α0)(ξ1(z)− iη1(z))
+(3− α0)(ξ2(z)− iη2(z))]}
+ 2
√
3iα0 [∂ξ0(z) + ∂ξ1(z) + 2∂ξ2(z) + α0∂φ(z)]
× exp{ 1√
2k
[−2(ξ0(z)− iη0(z)) + α0(ξ1(z)− iη1(z))
+(ξ2(z)− iη2(z))]}},
fα˜2(z) =
1
2
√
2k
[−∂ξ0(z) + ∂ξ1(z)− α0∂ξ2(z) + 2∂φ(z)]
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× exp{ 1√
2k
[−(ξ0(z)− iη0(z)) + (ξ1(z)− iη1(z)) .
−α0(ξ2(z)− iη2(z))]},
fα˜(z) =
1
2
√
2k
{[2∂ξ0(z)− α0∂ξ1(z)− ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[2(ξ0(z)− iη0(z))− α0(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}
+ 2 [∂ξ0(z)− ∂ξ1(z) + α0∂ξ2(z)− 2∂φ(z)]
× exp{ 1√
2k
[−(1 − α0)(ξ0(z)− iη0(z)) + 3(ξ1(z)− iη1(z))
−(1 + α0)(ξ2(z)− iη2(z))]}},
f0˜(z) =
√
3
2k
{[−α0∂ξ0(z)− 2∂ξ1(z) + ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[−(2 + α0)(ξ0(z)− iη0(z))
−(2 − α0)(ξ1(z)− iη1(z)) + 2(ξ2(z)− iη2(z))]}
+ [2∂ξ0(z)− α0∂ξ1(z)− ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[(2 + α0)(ξ0(z)− iη0(z))
+(2− α0)(ξ1(z)− iη1(z))− 2(ξ2(z)− iη2(z))]}
+ [∂ξ0(z)− ∂ξ1(z) + α0∂ξ2(z)− 2∂φ(z)]
× [exp{ 1√
2k
[−(1 − 2α0)(ξ0(z)− iη0(z))
+5(ξ1(z)− iη1(z))− (2 + α0)(ξ2(z)− iη2(z))]}
+ exp{ 1√
2k
[−5(ξ0(z)− iη0(z)) + (1 + 2α0)(ξ1(z)− iη1(z))
+(2− α0)(ξ2(z)− iη2(z))]}]
− iα0√
3
(∂ξ0(z) + ∂ξ1(z) + 2∂ξ2(z) + α0∂φ(z))} .
f−α˜(z) =
1
2
√
2k
{− [(4k + 5) [2α0(∂ξ0(z)− i∂η0(z))− α0(∂ξ1(z)− i∂η1(z))
−(∂ξ2(z)− i∂η0(z)) + ∂φ(z)]
−(2− 4α0)i∂η0(z) + (12− α0)i∂η1(z)− (5 + 4α0)i∂η2(z)]
× exp{ 1√
2k
[−2(ξ0(z)− iη0(z)) + α0(ξ1(z)− iη1(z))
+(ξ2(z)− iη2(z))]}
+ 2 [α0∂ξ0(z) + 2∂ξ1(z)− ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[(1− α0)(ξ0(z)− iη0(z))− 3(ξ1(z)− iη1(z))
+(1 + α0)(ξ2(z)− iη2(z))]}
+ 3 [−2∂ξ0(z) + α0∂ξ1(z) + ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[2(1 + α0)(ξ0(z)− iη0(z))
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+(4− α0)(ξ1(z)− iη1(z))− 3(ξ2(z)− iη2(z))]}
− 2 [∂ξ0(z)− ∂ξ1(z) + α0∂ξ2(z)− 2∂φ(z)]
× [exp { 1√
2k
[−(1− 3α0)(ξ0(z)− iη0(z))
+7(ξ1(z)− iη1(z))− (3 + α0)(ξ2(z)− iη2(z))]}
+ 3 exp{ 1√
2k
[−(5− α0)(ξ0(z)− iη0(z))
+ (3 + 2α0)(ξ1(z)− iη1(z))
+(1− α0)(ξ2(z)− iη2(z))]}]
+ 2
√
3iα0 [∂ξ0(z) + ∂ξ1(z) + 2∂ξ2(z) + α0∂φ(z)]
× exp{ 1√
2k
[α0(ξ0(z)− iη0(z)) + 2(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}} ,
f−α˜2(z) =
1
2
√
2k
{−4 [(k + 1) [(∂ξ0(z)− i∂η0(z))− (∂ξ1(z)− i∂η1(z))
+α0(∂ξ2(z)− i∂η2(z))− 2∂φ(z)]
+ i [∂η0(z)− ∂η1(z) + α0∂η2(z)]]
× exp{ 1√
2k
[(ξ0(z)− iη0(z))− (ξ1(z)− iη1(z))
+α0(ξ2(z)− iη2(z))]}
+ 2 [−α0∂ξ0(z)− 2∂ξ1(z) + ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[−(6 + α0)(ξ0(z)− iη0(z))
−(2 − 3α0)(ξ1(z)− iη1(z)) + 4(ξ2(z)− iη2(z))]}
− 2 [(2− α0)i∂η0(z)− (6− α0)i∂η1(z) + (2 + 4α0)i∂η2(z)
+ (4k + 2) [−2(∂ξ0(z)− i∂η0(z)) + α0(∂ξ1(z)− i∂η1(z))
+ (∂ξ2(z)− i∂η2(z))]− 4(k + 2)∂φ(z)
− 3(2− α0)(∂ξ0(z)− i∂η0(z))
+3(2 + α0)α0(∂ξ1(z)− i∂η1(z))]
× exp{ 1√
2k
[−(2 − α0)(ξ0(z)− iη0(z))
+(2 + α0)(ξ1(z)− iη1(z))]}
+ 2 [−2∂ξ0(z) + α0∂ξ1(z) + ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[(2 + 3α0)(ξ0(z)− iη0(z))
+(6− α0)(ξ1(z)− iη1(z))− 4(ξ2(z)− iη2(z))]}
− [∂ξ0(z)− ∂ξ1(z) + α0∂ξ2(z)− 2∂φ(z)]
× [exp{ 1√
2k
[−(1 − 4α0)(ξ0(z)− iη0(z))
+9(ξ1(z)− iη1(z))− (4 + α0)(ξ2(z)− iη2(z))]}
− 3 exp{ 1√
2k
[−9(ξ0(z)− iη0(z)) + (1 + 4α0)(ξ1(z)− iη1(z))
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+(4− α0)(ξ2(z)− iη2(z))]}
+ 6 exp { 1√
2k
[−(5− 2α0)(ξ0(z)− iη0(z))
+(5 + 2α0)(ξ1(z)− iη1(z))− α0(ξ2(z)− iη2(z))]}]
+ 2
√
3iα0 [∂ξ0(z) + ∂ξ1(z) + 2∂ξ2(z) + α0∂φ(z)]
× [exp{ 2√
2k
[α0(ξ0(z)− iη0(z)) + 2(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z)]}
− exp{ 2√
2k
[−2(ξ0(z)− iη0(z)) + α0(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}]} , (4.3)
where α0 =
√
−2(k + 3). It can be checked that ψa(z) indeed satisfy all of the OPE
relations of our parafermion algebra. By the above representation of theA
(2)
2 parafermionic
currents, we can bosonize the parafermion energy-momentum tensor Tψ. The result is
Tψ(z) = −1
2
: {(∂ξ0(z))2 + (∂ξ1(z))2 + (∂ξ2(z))2
+ (∂η0(z))
2 + (∂η1(z))
2 + (∂η2(z))
2 + (∂φ(z))2} :
− 1
2
√
2k
{−(1− α0)(∂2ξ0(z)− i∂2η0(z)) + (1 + α0)(∂2ξ1(z)− i∂2η1(z))
+ α0(∂
2ξ2(z)− i∂2η2(z))− 4∂2φ(z)}
+
1√
k(k + 3)
(
∂2η0(z) + ∂
2η1(z) + ∂
2η2(z)
)
. (4.4)
It is easy to check that the central charge of this operator is indeed cψ given in (2.20).
Using the free field realization of the parafermionic currents, we obtain a free field
representation of the highest weight state V jj (z) of the parafermion algebra:
V jj (z) = exp{
−j
2
√
k(k + 3)
[η0(z) + η1(z) + 2η2(z)]}
×exp{ −j
2
√
3k(k + 3)
[ξ0(z) + ξ1(z) + 2ξ2(z)]− ij√
6k
φ(z)}, (4.5)
where j is the spin of the highest weight state.
Now we come to the free field realization of screen currents of the parafermion algebra.
After a long computation, we find the following two screen operators:
S+(z) =
1√
2k
{2 [−∂ξ0(z) + ∂ξ1(z)− α0∂ξ2(z) + 2∂φ(z)]
× exp{ 1√
2k
[−3(ξ0(z)− iη0(z)) + (1 + α0)(ξ1(z)− iη1(z))
+(1− α0)(ξ2(z)− iη2(z))]}
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+ [α0∂ξ0(z) + 2∂ξ1(z)− ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[−α0(ξ0(z)− iη0(z))
−2(ξ1(z)− iη1(z)) + (ξ2(z)− iη2(z))]}
+ [2∂ξ0(z)− α0∂ξ1(z)− ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[2(ξ0(z)− iη0(z))− α0(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}}
× exp{ i√
2kα0
[
(
√
3ξ0(z) + η0(z)) + (
√
3ξ1(z) + η1(z))
+(
√
3ξ2(z) + η2(z))
]
}exp{ 1√
2k
(√
3φ(z) + iφ(z)
)
} (4.6)
and
S−(z) =
1√
2k
{2 [−∂ξ0(z) + ∂ξ1(z)− α0∂ξ2(z) + 2∂φ(z)]
× exp{ 1√
2k
[−3(ξ0(z)− iη0(z)) + (1 + α0)(ξ1(z)− iη1(z))
+(1− α0)(ξ2(z)− iη2(z))]}
+ [α0∂ξ0(z) + 2∂ξ1(z)− ∂ξ2(z)− ∂φ(z)]
× exp{ 1√
2k
[−α0(ξ0(z)− iη0(z))
−2(ξ1(z)− iη1(z)) + (ξ2(z)− iη2(z))]}
− [2∂ξ0(z)− α0∂ξ1(z)− ∂ξ2(z) + ∂φ(z)]
× exp{ 1√
2k
[2(ξ0(z)− iη0(z))− α0(ξ1(z)− iη1(z))
−(ξ2(z)− iη2(z))]}}
× exp{ −i√
2kα0
[
(
√
3ξ0(z)− η0(z)) + (
√
3ξ1(z)− η1(z))
+(
√
3ξ2(z)− η2(z))
]
}exp{ 1√
2k
(√
3φ(z)− iφ(z)
)
}.(4.7)
The OPEs of these two screen currents with the energy-momentum tensor and parafermion
currents are given by
Tψ(z)S±(w) = ∂w
(
1
z − wS±(w)
)
+ . . . ,
ψα(z)S±(w) = . . . , ψα˜(z)S±(w) = . . . ,
ψ−α(z)S±(w) = ∂w
(
2α20
z − wS˜±(w)
)
+ . . . ,
ψα˜2(z)S±(w) = . . . , ψ0˜(z)S±(w) = . . . ,
ψ−α˜(z)S±(w) = ∂w
(
∓ 2α
2
0
z − wS˜±(w)
)
+ . . . ,
ψ−α˜2(z)S±(w) = ∂w
(
∓ 4α
2
0
z − wS˜±2(w)
)
+ . . . , (4.8)
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where,
S˜±(z) = exp{ ±i√
2kα0
[
(
√
3ξ0(z)± η0(z)) + (
√
3ξ1(z)± η1(z))
+(
√
3ξ2(z)± η2(z))
]
}exp{ 1√
2k
(√
3φ(z)± iφ(z)
)
},
S˜2(z) =
1√
2k
[−i(2 + α0)ξ0(z)− i(2− α0)ξ1(z) + 2iξ2(z)] S˜+(z),
S˜−2(z) =
1√
2k
[−i(2 − α0)ξ0(z)− i(2 + α0)ξ1(z) + 2iφ(z)] S˜−(z), (4.9)
5 Spin-2 Primary field and novel algebraic structure
In conformal field theory, primary fields are fundamental objects. The descendant fields
can be obtained from primary fields.
It is well know that, the energy-momentum stress is not primary field (unless the
central charge is zero). The lowest spin of the primary field obtained by the Hamilto-
nian reduction approach is three [23, 24]. This agrees with the other methods, such as
high order Casimir, coset model [25], free field realization [26], or the parafermion con-
struction [15]. For more references about W -algebras see the reviews [24, 27], and their
applications in string and gravity theory see [28, 29]. In the following, we use the A
(2)
2
parafermionic currents to construct a primary field of spin two. Define the spin-2 currents:
w˜2(z) =
k(4k − 1)
4(2k + 3)(k − 1)
∑
a=±α,±α˜
[ψaψ−a˜]0. (5.1)
The action of w˜2(z) on ψb(z) is given by the following OPE:
w˜2(z)ψb(w) =
∆b˜
(z − w)2ψb˜(w) +
1
z − w∂ψb˜(w) + . . . , b = ±α,±α˜,
w˜2(z)ψ±α˜2(w) = · · · , w˜2(z)ψ0˜(w) = · · · , (5.2)
It should be be understood that
˜˜
b = b in the first line of (5.2). This OPE fixes the
normalization of w˜2(z). (5.2) suggests that w˜2(z) behaves similar to a energy-momentum
tensor except that it transforms ψb into ψb˜ and vice versa. Recall that ψb and ψb˜ have
the same conformal dimensions. The OPEs of w˜2(z) with itself and the stress tensor are
w˜2(z)w˜2(w) =
c˜/2
(z − w)4 +
2U(w)
(z − w)2 +
∂U(w)
(z − w) + · · · .
Tψ(z)w˜2(w) =
2w˜2(w)
(z − w)2 +
∂w˜2(w)
z − w + . . . , (5.3)
where,
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c˜ =
(4k − 1)2
2(k − 1)(2k + 3) =
(13cψ + 5)
2
24(cψ + 9)(cψ − 1) , (5.4)
is the central charge of w˜2(z), and cψ is the central charge of the A
(2)
2 parafermionic
energy-momentum tensor (2.20), and U(z) is a spin two field given by
U(z) =
(k + 1)(k + 3)(4k − 1)2
4(2k + 3)2(k − 1)2
(
Tψ(z)− 1
2
Ω0(z)− k(k + 2)
(k + 1)(k + 3)
Ω2(z)
)
,
Ω0(z) =
1
2
[ψ0˜ψ0˜]0 (z), Ω2(z) =
k
k + 2
[ψα˜2ψ−α˜2 ]0 (z). (5.5)
The OPEs of Ω0(z) and Ω2(z) with the parafermion currents are
Ω0(z)ψ0˜(w) =
1
(z − w)2ψ0˜(w) +
1
z − w∂ψ0˜(w) + . . . ,
Ω0(z)ψb(w) =
3
4k − 1
(
∆b
(z − w)2ψb(w) +
1
z − w∂ψb(w) + . . .
)
,
Ω0(z)ψ±α˜2(w) = ...,
Ω2(z)ψ0˜(w) = ...,
Ω2(z)ψb(w) =
k − 1
2k(k + 2)
(
∆b
(z − w)2ψb(w) +
1
z − w∂ψb(w) + . . .
)
,
Ω2(z)ψ±α˜2(w) =
∆±α˜2
(z − w)2ψ±α˜2(w) +
1
z − w∂ψ±α˜2(w) + . . . ,
From (5.3), we see that the field w˜2 introduced above is a primary field with conformal
spin two. The modes expansion of w˜2(z) is
w˜2(z) =
∑
n∈Z+1
2
w˜2,nz
−n−2. (5.6)
So like the spin-1 primary field ψ0˜(z), w˜2(z) lives in the Neveu-Schwarz sector, and it
transforms fields in the Ramond sector into those in the Neveu-Schwarz sector or vice
versa. If we regard the spin-2 currents as affine connections, then the energy-momentum
tensor is a project connection that transforms fields in one sector, while field w˜2(z) is a
project connection which transforms a field in one sector into a field in a different sector.
The mode expansions of Ω0(z) and Ω2(z) are
Ω0(z) =
∑
n∈Z
Ω0, nz
−n−2, Ω2(z) =
∑
n∈Z
Ω2, nz
−n−2, (5.7)
respectively. So Ω0(z) and Ω2(z) live in the Ramond sector.
From the above, we see that w˜2(z), T (z) do not close to an algebra. It can be checked
that the field U(z) with itself also cannot form a closed algebra. But if we decompose the
field U(z) as above, then the algebra generated by w˜2(z), T (z), Ω0(z), Ω2(z) is closed, as
can be seen from the following additional OPEs,
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Ω0(z)Ω0(w) =
c0/2
(z − w)4 +
2Ω0(w)
(z − w)2 +
∂Ω0(w)
(z − w) + · · · , (5.8)
Ω2(z)Ω2(w) =
c2/2
(z − w)4 +
2Ω2(w)
(z − w)2 +
∂Ω2(w)
(z − w) + · · · , (5.9)
Ω0(z)Ω2(w) = · · · , (5.10)
Tψ(z)Ω0(w) =
c0/2
(z − w)4 +
2Ω0(w)
(z − w)2 +
∂Ω0(w)
(z − w) + · · · , (5.11)
Tψ(z)Ω2(w) =
c2/2
(z − w)4 +
2Ω2(w)
(z − w)2 +
∂Ω2(w)
(z − w) + · · · , (5.12)
Ω0(z)w˜2(w) = · · · , (5.13)
Ω2(z)w˜2(w) =
1
k + 2
{
2w˜2(w)
(z − w)2 +
∂w˜2(w)
(z − w) + · · ·
}
. (5.14)
where
c0 = 1, c2 =
2(k − 1)
(k + 2)
(5.15)
The situation here is similar to that in W -algebra, where for instance W3(z), T (z) are not
closed since a spin-4 field will appear in the OPE of W3(z) with itself. The spin-4 field
is also decomposed into two fields which together with T (z) and W3(z) do close to the
so-called W3 algebra [23].
Some remarks are in order. To our knowledge, the algebraic structure we found is new.
It is similar to a W -algebra structure, but now all the fields have conformal dimension 2.
The primary field w˜2(z) is a “spin-2 analog” of W -currents, and it transforms between
fields ψa (fields in Ramond sector) and ψa˜ (fields in Neveu-Schwaz sector). In a sense,
the primary field w˜2(z), together with the other two spin-2 fields Ω1(z) and Ω2(z), “non-
abelianizes” the Virasoro algebra generated by T (z). Possible applications of this new
algebraic structure are under investigation.
In [30], A.B. Zamolodchikov considered an algebra having N +1 spin-2 primary fields
with OPEs given by
T i(z)T j(w) =
cδi,j/2
(z − w)4 +
2δi,jδj,kT
k(w)
(z − w)2 +
δi,jδj,k∂T
k(w)
(z − w) + · · · , i, j = 0, 1, · · ·N, (5.16)
where T 0 = T is the usual energy-momentum tensor. In this algebra there is only one
central charge, and T i, i = 0, 1, · · · , N , are decoupled so that the algebra is reduced to
N +1 copies of the Virasoro algebra. Our algebra is different. Firstly, in our theory, there
are four (independent) different central charges. So our theory is a conformal field theory
with multi-centers. Secondly, the four generators in our algebra are coupled to each other
and can not be reduced to copies of the Virasoro algebra.
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